For tomographic studies of relativistic nuclear collisions and of the quark-gluon plasma, photons (real and virtual) are unique. They are the only probes than can be both soft and penetrating. First we report on advances in modelling the hadron dynamics of heavy-ion collisions using a hybrid approach which consists of IP-Glasma, relativistic fluid dynamics, and hadronic cascade components. We briefly discuss the "photon flow puzzle", and then focus on a recent development in the theory of photon emission from a non-equilibrium, strongly interacting medium.
Introduction
The study of heavy-ion collisions has revealed the existence of an exotic state of matter: the quark-gluon plasma (QGP). The challenge is now to characterize the strongly interacting medium through tomographic studies (using jets and other high-p T probes) and global analyses. Electromagnetic observables constitute ideal and necessary complements to measurements of hadrons; their feeble interaction enables them to freely escape the system, once formed. They therefore have the ability to report on the entire space-time evolution of the colliding system. Because of this, photons enjoy a unique status: they can be soft, yet penetrating. There are no other observables that can make this dual claim.
In this proceedings contribution, we will report mainly on some of the progress realized in the calculation of soft photons (i.e. photons with transverse momentum less than a few GeV/c). In this energy window, several sources of photons exist [1] . We mention here only two: real prompt photons and real thermal photons, and only really discuss the latter. We start with a necessary assessment of the dynamics of soft to intermediate-energy hadrons.
Hadrons
The presence of a quark-gluon plasma (QGP) has been made manifest mostly through the observation of the large final-state collectivity of the measured hadrons, together with the interpretation of those measurements using relativistic fluid dynamics [2] . More specifically, the final momentum distribution of an average number of particle, N, in a given event is typically characterized by the coefficients of its Fourier expansion in azimutal angle φ , with complex coefficients, V n . These are then written down as a magnitude v n and a phase, nψ n , such that V n = e inφ = v n e inψ n . The average is taken over particles of a given kind in an event.
The second equality is an alternative form, where ψ n is a reference angle defined such that sin n(φ − ψ n ) = 0. The flow coefficients v n can be generalized to include a dependence on p T and η, where p T is the momentum transverse to the beam axis, and η is the pseudorapidity [3, 4, 2] . On the theory side, the interpretation of such measurements have put into light the remarkable effectiveness of relativistic hydrodynamics as a modelling approach to the time-evolution of the strongly interacting system formed during the relativistic collisions of nuclei [2, 5] . As an example of recent progress, an integrated state-of-the-art approach [6] uses as a representation of the initial state the IP-Glasma model [7] , followed by a hydrodynamical evolution which considers both shear and bulk viscosity coefficients, and then allows a dynamical freeze-out by using hadronic transport in the final stages. The fluid-dynamical approach used in the hybrid model results shown here is Music 1 . The hybrid approach was recently used to interpret LHC results for Pb + Pb collisions at √ s = 2.76 TeV and also to make predictions for measurements at √ s = 5.02 TeV. The observables considered included charged particle multipicity distributions, triple-differential spectra, (Panel (b) ). The theory (solid curves) is compared against results from the ALICE Collaboration. The plot is from Ref. [6] , and the data are from Ref. [8] .
differential and integrated flow (v n {2 ≤ n ≤ 5}), averaged transverse momentum, event-by-event flow coefficients distributions, and measures of event-plane correlation [6] . The results for the calculation of integrated flow coefficients and their comparison with ALICE measurements are show in Figure 1 . The agreement between theory with data shown there uses a hydrodynamic phase with an effective specific shear viscosity coefficient of η/s = 0.095, and a temperature-dependent bulk viscosity ζ /s(T ) [6] . The fact that the specific shear viscosity is the same at both LHC energies suggests that its temperature-dependence in the region spanned by the CERN facility is mild. To summarize this section, simulation approaches of relativistic nuclear collisions have attained a certain degree of advancement, as quantified by the agreement between model and a wealth of data [9] . A corresponding level of evolution must now be imposed on electromagnetic variables.
Photons
The very first interactions of the hadronic entities in collisions will produce "prompt photons", calculable using techniques of perturbative QCD [10] . From intermediate to high p T (to be made more precise later), prompt photons will constitute the dominant component of direct photons. They are calculated by multiplying the number of photons produced in nucleon-nucleon collisions by the number of binary collisions, accounting for isospin, and taking into consideration the modification in cold nuclear matter of elementary parton distribution functions. Formally, the production cross-section depends on the renormalization, factorization, and fragmentation scales, Q {x=R,F,Fr} . There is no formal theoretical guidance on where exactly to set the values of those different scales, but this uncertainty can also be used to one's advantage [11] and these choices should ideally be validated against nucleon-nucleon data. These photons constitute an irreducible background for the ones discussed next.
The "thermal photons" are those photons which result from interactions between thermalized, or approximately thermalized, constituents of the strongly interacting medium. Then, if only for theoretical consistency, the treatment of electromagnetic emission must take into account the nonequilibrium characteristics of the medium. Some work has been done in this direction, but not all photon-producing processes have yet been corrected for viscous effects: this is discussed later in this section. For now, an appropriate snapshot of the state of the theory appears in Table II of Ref. [12] . A summary of photon spectra and elliptic flow calculated with viscous (shear and bulk) hydrodynamics appears in Fig. 2 , together with the data garnered by the PHENIX, STAR, and ALICE collaborations at RHIC and at the LHC. Clearly, there is a tension between theory and photon spectrum data, but especially in what concerns the photon elliptic flow (and more so at RHIC). This has been dubbed the "photon flow puzzle" 2 . It is fair to write that this tension remains, in spite of many attempts to ameliorate photon emission rates 3 [13] . However, another related puzzle has appeared: the STAR Collaboration has measured virtual photons and deduced from them real photon spectra; their inclusive data are also shown in Fig. 2 . The STAR spectra are much closer to theoretical results in all centrality classes [14] , but STAR and PHENIX photons are currently incompatible, even considering uncertainty bounds. This discrepancy begs a resolution, and this is now in fact a prerequisite for the field to move forward. The STAR Collaboration does not yet have results for photon elliptic flow.
Going back to more formal aspects, more progress on this topic will require extending the theory of photon emission to regions out of equilibrium. Up to now, the inclusion of viscosity in the electromagnetic emissivity mostly relied on the kinetic theory formulation of the emission rates [15, 16, 11, 12] . However, the Landau-Pomeranchuck-Migdal effect (LPM) is important for photon emission at leading order in the strong coupling, and it involves an arbitrary number of gluon exchanges; its calculation in equilibrium is performed using techniques of finite-temperature field theory (FTFT) [17] that rely on the Kubo-Martin-Schwinger (KMS) relation which is a state-2 Updated photon spectra and flow coefficients obtained with model parameters and components updated from those in Ref. [12] are in preparation and will appear elsewhere, together with a fresh perspective on the "photon flow puzzle". 3 Not an exhaustive list. ment of detailed balance [18] . A general field-theoretical formalism to evaluate the production of electromagnetic radiation to complete leading order in the strong coupling in a out-of-equilibrium medium had been lacking, but has been derived recently [19] . Its phenomenological consequences are left for future work, but we present here some results that illustrate its clear potential.
The rate for photon emission from an equilibrium medium [18] now needs to be generalized, to allow for the consideration of a medium out of equilibrium using real-time finite-temperature field theory [20] . Technically,
where (ω, k) is the photon energy and three-momentum, respectively. The finite-temperature, retarded photon self-energy is Π R µν , and an element of the photon two-point function appears as Π µν 12
in the {1, 2} real-time basis. However, calculations are more economically performed in the r/a basis which also allows for easier power counting:
The photo production processes in the medium at leading order in the strong coupling comprises bremsstrahlung, Compton, quark-antiquark annihilation, and LPM contributions. The photon self-energy diagram 1 2 Here, K is the photon four-momentum and P is the loop four-momentum. The figures are from Ref. [21] .
that contains the LPM effect 4 is shown in Fig. 3 , and describes multiple exchanges of soft gluons, whose propagators thus need resummation. The building blocks of this resummation is the fermionic four-point function: S 1122 (x 1 , x 2 ; y 1 , y 2 ) = T c {ψ 1 (x 1 )ψ 1 (x 2 )ψ 2 (y 1 )ψ 2 (y 2 )} . In terms of the r/a basis
This expansion looks formidable, as each term on the right-hand-side hides an infinite sum of diagrams, each with a different number of soft gluon rungs. However, at leading order and in thermal equilibrium it turns out that S 1122 = 2 f F p 0 + k 0 1 − f F (p 0 ) Re S aarr , where f F is a Fermi-Dirac distribution function. Away from equilibrium, however, a careful analysis of the topology of the Feynman diagrams contributing to the four-point functions shows that [19, 21] (at leading order)
4 It also contains bremsstrahlung and pair annihilation contributions.
A little more analysis finally shows that S 1122 = 2F(P + K) (1 − F(P)) Re S aarr , a result obtained without resorting to the KMS condition. The summation of diagrams implied in S aarr can also be written as an integral equation, as in the case of equilibrium. Note that F(P) = f q (p)θ (p 0 ) + (1 − fq(−p)) θ (−p 0 ). The function F(P) is thus to be interpreted as an occupation density: in the Boltzmann equation, incoming particles have p 0 > 0 and outgoing particles p 0 < 0. For outgoing quarks, F(P) is thus simply the bare momentum distribution, with the Pauli blocking correction. In equilibrium, it reduces to a Fermi-Dirac distribution in equilibrium, since 1 − f F (−x) = f F (x).
Putting the elements together, one gets the rates for real photon emission from a non-equilibrium medium to be [19, 21] 
where Q is obtained by summing over charges of light quark flavours (in units of the electron charge), and f satisfies an integral equation of the Boltzmann-type with a collision kernel C :
For the special case of an isotropic plasma, f (p) = f (p), one recovers a collision kernel that can be written as [22] C (q ⊥ ) = g 6) with C F the Casimir operator, m 2 D the non-equilibrium Debye mass, and Ω characterizing the occupation density of soft gluons [19, 21] . In an anisotropic plasma, the collision kernel C (q ⊥ ) and its integral, the quark decay width, are formally divergent, owing to gauge field instabilities [23] . The analysis performed here assumes implicitly that the plasma anisotropy is small enough for the divergences not to appear at leading order in the strong coupling. An exploration of the associated dynamical restrictions will appear elsewhere, together with solutions of Eq. (3.4), and its phenomenological consequences on the soft photon puzzle and on other related issues.
Conclusions
Significant progress has been accomplished in the theory of photon production in relativistic nuclear collisions and in the modelling of heavy-ion collision dynamics. Several unknowns remain, but we have reported on a systematic study of leading-order out-of-equilibrium photon production which should put the computation of electromagnetic emissivity in a variety of environments on a firm footing.
